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A NEW UNIVERSAL REAL FLOW OF THE
HILBERT-CUBICAL TYPE
LEI JIN AND SIMING TU ∗
Abstract. We provide a new universal real flow of the Hilbert-cubical type. We prove
that any real flow can be equivariantly embedded in the translation on L(R)N, where
L(R) denotes the space of 1-Lipschitz functions f : R → [0, 1]. Furthermore, all those
functions in L(R)N that are images of such embeddings can be chosen as C1-functions.
1. Introduction
By a flow we understand a pair (X, (Tt)t∈R) (sometimes written as (X,R)), where X is
a compact metric space and the map
T : R×X → X, (t, x) 7→ Ttx
is continuous. We say that (X, (Tt)t∈R) can be embedded in (Y, (St)t∈R) if there exists an
equivariant topological embedding φ : X → Y , namely, a homeomorphism φ of X into Y
such that φ(Ttx) = Stφ(x) for all x ∈ X and t ∈ R. A flow is called universal if all flows
can be embedded in it.
One can similarly apply the terminology to Z-actions. Since every compact metric space
can be (topologically) embedded in [0, 1]N (see [Mun00]), there is a rather natural universal
Z-action: the translation on the Hilbert cube ([0, 1]N)Z, denoted by (([0, 1]N)Z, σ), where
([0, 1]N)Z is equipped with the product topology and σ acts on it continuously by the
translation:
σ((xk)k∈Z) = (xk+1)k∈Z, (xk ∈ [0, 1]
N).
Note that the Hilbert cube ([0, 1]N)Z is a compact metric space.
Let us return to the case of R-actions. It is natural to seek a universal flow as well.
Since the Hilbert cube ([0, 1]N)Z can be written as ([0, 1]Z)N and [0, 1]Z can be viewed as
the space of continuous functions f : Z → [0, 1], we may consider the candidate C(R)N,
where C(R) is the space of continuous functions f : R→ [0, 1] equipped with the topology
of uniform convergence on compact subsets of R, given by the distance
(1.1)
∞∑
n=1
1
2n
max
|t|≤n
|f(t)− g(t)|, (f, g ∈ C(R)).
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We let the group R act on C(R) continuously by the translation:
(1.2) R× C(R)→ C(R), (s, f(t)) 7→ f(t+ s).
In the same way as Z-actions, we can embed all flows in the translation on the product
space C(R)N. From this point of view, the space C(R)N seems to be a natural correspon-
dence to the discrete case of the Hilbert cube ([0, 1]N)Z with the same universal property.
However, there is a drawback: The space C(R)N is neither compact nor locally compact.
So it is actually not a “flow” in the definition.
Given this motivation, we were interested in finding a universal flow whose state space
is a compact subspace of C(R)N. This poses the following question:
• Is there an “explicit” compact invariant subset of C(R)N that is universal?
Here “explicitness” means that we may easily characterize all elements in the space that
we choose. Answering this question affirmatively, [GJ16] constructed a compact invariant
subset
∏
n∈NB1V
n
−n ⊂ C(R)
N that is universal under the action of translation, where
B1V
n
−n denotes the collection of all elements in C(R) whose Fourier transform (considered
as a tempered distribution) is supported in [−n, n]. However, in contrast to the Hilbert
cube ([0, 1]N)Z, it is not so simple, and it is not a countable self-product.
We expect such a universal flow, in addition, to be a self-product (and then it will be
“closer” to the Hilbert cube ([0, 1]N)Z). More precisely, our problem appears as follows:
• Is there an “explicit” compact invariant subset F of C(R) such that FN is universal
under the action of translation?
The purpose of this paper is to solve this problem affirmatively. We provide a new
explicit universal flow that is of the Hilbert-cubical type (i.e., a universal flow of the form
FN with a compact invariant subset F ⊂ C(R)). As we mentioned previously, [0, 1]Z
can be regarded as the space of continuous functions f : Z → [0, 1]; and moreover, an
easy observation reveals that all functions f : Z → [0, 1] are automatically 1-Lipschitz,
meaning that |f(x)− f(y)| ≤ |x− y| for all x, y ∈ Z. Thus, for flows we may consider the
space of 1-Lipschitz functions f : R→ [0, 1].
Formally, let L(R) be the space of all functions f : R→ [0, 1] satisfying the 1-Lipschitz
condition:
|f(s)− f(t)| ≤ |s− t| for all s, t ∈ R.
It is clear that L(R) is a subset of C(R). An important fact is that it is compact and
invariant:
Lemma 1.1. The space L(R) is a compact metric space with respect to the distance (1.1),
and is invariant under the action of translation (1.2).
Proof. The former statement follows from the Arzela–Ascoli theorem, and the latter state-
ment follows immediately from the definition of the space. 
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Therefore, under the action of translation (1.2), the space L(R) is a flow, and so is
the product space L(R)N which corresponds to the Hilbert cube ([0, 1]N)Z = ([0, 1]Z)N.
We denote by (L(R)N,R) the translation on L(R)N. Our main result is that the flow
(L(R)N,R) is universal.
Theorem 1.2 (Main theorem). Any flow can be embedded in (L(R)N,R).
2. A constructive proof of the main theorem
Proof of Theorem 1.2. Let (X,R) be a flow. For convenience we denote by (Tt)t∈R the
translation on C(R) or C(R)N. We can treat C(R)N as the space of continuous functions
f : R→ [0, 1]N.
We can assume that X is a compact invariant subset of C(R)N. In fact, since X is
a compact metric space, there is a topological embedding ψ of X in [0, 1]N, namely, a
homeomorphism ψ : X → ψ(X) ⊂ [0, 1]N. We write (X,R) = (X, (ϕt)t∈R) and define
a map φ : X → C(R)N as follows: For every x ∈ X , we define φ(x) : R → [0, 1]N by
φ(x)(t) = ψ(ϕt(x)) for all t ∈ R. It is clear that for every x ∈ X , φ(x) is in C(R)
N, and
that the map φ : X → φ(X) is one-to-one. To see that φ is continuous, we fix a point
x ∈ X and take a compact subset A of R and a sequence of points xn ∈ X tending to x as
n→ +∞. Since X and A×X are compact, the maps ψ and ϕ are uniformly continuous
on X and A×X , respectively. Thus, when n is large enough, ϕt(xn) is sufficiently close
to ϕt(x) for all t ∈ A, which implies that φ(xn)(t) = ψ(ϕt(xn)) is sufficiently close to
φ(x)(t) = ψ(ϕt(x)) for all t ∈ A. This shows that the sequence φ(xn) ∈ C(R)
N uniformly
tends to φ(x) ∈ C(R)N on A as n → +∞. Therefore the map φ is continuous. Since
X is compact and φ : X → φ(X) is continuous and one-to-one, we have that the map
φ : X → φ(X) is a homeomorphism. Meanwhile, since for any x ∈ X and r ∈ R it holds
that
φ(ϕr(x))(t) = ψ(ϕt(ϕr(x))) = ψ(ϕt+r(x)) = φ(x)(t+ r) = Tr(φ(x))(t)
for all t ∈ R, the map φ is equivariant. Thus, as we stated, it suffices to deal with the
case that X is a compact invariant subset of C(R)N.
For each j ∈ N put rj = 1/(j + 1). For any j ∈ N and i ∈ N with i ≤ j we define a
map F ji : C(R)
N → L(R) as follows: For every f = (fi)i∈N ∈ C(R)
N, let
F ji (f)(t) =
∫ t+rj
t
fi(s) ds
for all t ∈ R.
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Since it holds that 0 ≤ F ji (f) ≤ rj ≤ 1 and that
∣∣F ji (f)(t)− F ji (f)(t′)∣∣ =
∣∣∣∣∣
∫ t+rj
t′+rj
fi(s) ds −
∫ t
t′
fi(s) ds
∣∣∣∣∣
≤ max
{∫ t+rj
t′+rj
fi(s) ds,
∫ t
t′
fi(s) ds
}
≤ |t− t′|
for all t, t′ ∈ R, the image F ji (f) is indeed in L(R).
Now we define a map F : C(R)N → L(R)N by
F (f) =
(
F ji (f)
)j∈N
i∈N,i≤j
=
((
F ji (f)
)
1≤i≤j
)
j≥1
=
(
F 11 (f), F
2
1 (f), F
2
2 (f), F
3
1 (f), F
3
2 (f), F
3
3 (f), . . . , F
j
1 (f), F
j
2 (f), . . . , F
j
j (f), . . .
)
for all f ∈ C(R)N. We are going to show that the map F : X → L(R)N is an equivariant
topological embedding of X in L(R)N.
For every F ji and r ∈ R, we have
F ji (Trf)(t) =
∫ t+rj
t
fi(s+ r) ds =
∫ t+r+rj
t+r
fi(s) ds = F
j
i (f)(t+ r) = TrF
j
i (f)(t)
for all f = (fi)i∈N ∈ C(R)
N and t ∈ R. This shows that the map F : X → L(R)N is
equivariant. It remains to check that F : X → F (X) is a homeomorphism.
We first show that each map F ji : X → F
j
i (X) is continuous. To do this, we take an
interval [a, b] and a sequence of functions f (n) = (f
(n)
k )k∈N ∈ C(R)
N uniformly converging
to g = (gk)k∈N ∈ C(R)
N on the interval [a, b + 1] as n → +∞. This implies that the
sequence f
(n)
i ∈ C(R) tends to gi ∈ C(R) uniformly on the interval [a, b+1] as n→ +∞.
Therefore the sequence
F ji (f
(n))(t) =
∫ t+rj
t
f
(n)
i (s) ds
converges to
F ji (g)(t) =
∫ t+rj
t
gi(s) ds
uniformly on t ∈ [a, b] as n → +∞. Hence F ji : X → F
j
i (X) is continuous. So F : X →
F (X) is continuous.
To show that F : X → F (X) is one-to-one, we take f = (fi)i∈N , g = (gi)i∈N ∈ C(R)
N
and suppose that f 6= g. Without loss of generality, there exist i ∈ N and two real
numbers a < b such that fi(s) > gi(s) for all a < s < b. Choose t ∈ R and a natural
number j > i with a < t < t+ rj < b. It follows that
F ji (f)(t) =
∫ t+rj
t
fi(s) ds >
∫ t+rj
t
gi(s) ds = F
j
i (g)(t),
which implies that F (f) 6= F (g). Thus, F : X → F (X) is one-to-one.
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Finally, since X is compact and F : X → F (X) is continuous and one-to-one, we know
that the map F : X → F (X) is a homeomorphism, which completes the proof. 
We would like to remark that the above constructive proof indicates that the universal
space actually can be chosen as (L(R) ∩ C1(R))
N
. Moreover, replacing C(R) by L(R) ∩
C1(R) and iterating the process, we see that (L(R) ∩ Cn(R))N is universal for any finite
positive integer n. One may ask if (L(R) ∩ C∞(R))N is universal. The answer is positive.
But it requires a different construction that we plan on publishing elsewhere. We keep
the present paper in the very elementary mathematical analysis level.
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